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ABSTRACT 
A digraph G = (V, E) is primitive i[~ for some positive integer k, there is a u ~ ~; 
walk of length k for evew pair u, v of vertices of V. The minimum such k is called 
the exponent of G, denoted exp(G). The local exponent of G at a vertex u ~ V, 
denoted expc(u), is the least integer k such that there is a u --* v walk of length k for 
each v ~ V. Let V = {1, 2 . . . . .  n}. Following Brualdi and Liu, we order the vertices 
of V so that expc:(1) 4 expc(2) ~< "" 4 expc.(n) = exp(G). It is known that exp¢:(k) 
<~ s(n - 2) + k for all k, 1 ~< k ~< n. The problem of characterizing the exponent set 
ES.  = {exp(G) : G ~ ~n}, where .~,, is the set of" all primitive digraphs of order n, 
has been completely settled. We define the ith local exponent set ESn(i) := 
{expc.(i) : G ~9~} for each i, 1 <~ i <~ n, and show that ES,,(1) has a characterization 
which closely parallels that of ESn(n) = ES..  We conjecture that, except for minor 
ehanges, there are similar fornmlae for the ES.( i )  for all 1 ~< i ~< n. © 1998 Elsevier 
Science Inc. 
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1. INTRODUCTION AND NOTATION 
Let G = (V, E) denote a digraph on n vertices. We permit loops but no 
multiple arcs. A u ~ v walk of length p in G is a sequence of vertices 
u,u  1 . . . . .  Up =v and a sequence of arcs (u, ul) ,(ul ,  u2) , . . . , (Up_ l ,v) ,  
where the vertices and the arcs are not necessarily distinct. A closed walk is a 
u ~ v walk where u = v. A path is a walk with distinct vertices. A cycle is a 
closed u ~ v walk with distinct vertices except for u = v. The girth s of G 
is the length of a shortest cycle in G. An r-cycle is a cycle of length r. 
p P 
We use the notation u ~ v (u -~ v) to mean there is a u ~ v walk (no 
u ~ v walk) in G of length p. A digraph G is primitive if there exists some 
positive integer p such that u ~ v for every pair u, v of vertices of G. The 
minimum such p is called the exponent of G, denoted exp(G). The local 
exponent of G at a vertex u ~ V, denoted expc(u) or exp(u) if G is 
P 
specified, is the least integer p such that u ~ v for each v ~ V. 
Let G = (V, E) be a primitive digraph on n vertices. In 1950, H. 
Wielandt [8] found that exp(G) ~< w, = (n - 1) 2 + 1 and showed there is a 
unique (up to isomorphism) digraph, W~, that attains this bound, where 
W n = (V ,E )  is defined as follows: V = {u i : l  <~ i <~ n} and E = 
{(ui, ui+l) :  1 ~< i ~< n - 1} U {(Un_I, Ul),(Un, Ul) }. In 1964, A. L. Dulmage 
and N. S. Mendelsohn [2] observed that there are gaps in the exponent set 
ES, = {exp(G) :G ~ ~},  where ~,  is the set of all primitive digraphs of 
order n. Each gap is a set S of consecutive integers below w, such that no 
primitive digraph of order n has an exponent in S. In 1981, M. Lewin and Y. 
Vitek [3] found a general method for determining all the gaps between 
[½w,] + 1 and w n, and they conjectured that there is no gap in the interval 
[1, [½w, J + 1]. Their conjecture was proved for all n ~ 11 in the works of J. 
Shao [5] and K. Zhang [9]. For n = 11, j. Shao showed that M. Lewin and Y. 
Vitek's conjecture is not true. Therefore, the problem of determining the 
exponent set is completely solved. 
In 1990, R. Brualdi and B. Liu [1] introduced some new parameters 
related to the exponent. Let V = {1, 2 . . . . .  n}. Then the vertices of V can be 
ordered so that expc(1)~< expc(2)~< ... ~< expc(n). Brualdi and Liu [1, 
Theorem 3.2] proved that 
s(n- 1) i fk <s ,  
expc(k)  <~ s(n 1 +k-s )  i f k  >~s 
for all 1 ~< k ~< n, where s is the girth of G. J. Shao et al. [6, Theorem 2.1], 
by applying a theorem contained in Liu's doctoral dissertation, improved this 
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bound, obtaining 
expc(k)  <~ s(n - 2) + k foral l  l <<. k <~ n. 
In particular, when k = n, this yields the bound of Dulmage and Mendel- 
sohn [2] on exp(G). In Section 2 we provide our own more self-contained 
proof of this result. 
We define the ith local exponent set ES, ( i ) :=  {expc(i):G ~ ~,~,,} for 
each i, where 1 ~< i ~< n. Since expc(n) = exp(G), ES, (n)  is the (ordinary) 
exponent set. It follows from the papers [3, 5, 9] mentioned above that 
ESn(n)=ESn=[1,[½w.]+I] U U [P(q-1),p(q-2)+nl 
(p,q)~lJ(n) 
provided n ~ 11, where L'(n) = {(p, q) :  p < q ~< n, p + q > n, gcd(p, q) 
= 1}. We believe all the local exponent sets behave in a similar way. To 
support our belief, we prove in Section 3 that 
n 2 - 3n + 4]  
ESn(1 ) = 1, 2 
U U [ (p -  1) (q-  1 ) ,p (q -2)  +n-q  + 11 
(p,q)~L(n) 
for all n, where L(n) = {(p, q ) :2  <~ p < q <<. n, p + 1 > n, gcd(p, q) = 1}. 
2. THE kTH LOCAL EXPONENT expc(k)  
Let G=(V,E)  be a digraph, and choose a vertex u ~V.  Let L(G) 
i 
denote the set of cycle lengths of G. For i >/ 1, let R~(u) := {v ~ V : u ~ v}. 
For i=  0, we define Ri(u):= {u}. For a subset B ___ V, let Ri (B)= 
U ,, ~ B R~(u). We first mention a result which we use in the proof of our first 
theorem. 
LEMMA 1 [1, p. 489]. Let G be a primitive digraph with n vertices. Then 
expc(k  + 1) ~expc(k  ) + 1 forall  1 <~k <~n-  1. 
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Dulmage and Mendelsohn [2] have shown that if G is a primitive digraph 
with n vertices and girth s, then expc(n) = exp(G) ~< s(n - 2) + n. Our 
first theorem extends this bound to local exponents. It also implies the bound 
in [1, Theorem 3.2]. 
THEOREM i [6, Theorem 2.1]. Let G be a pr imit ive digraph on n 
vertices and girth s. Then 
expc(k  ) ~< s( n - 2) + k fo r  all 1 <~ k <<, n. 
Proof. Let u ~ V(G)  be a vertex on a cycle C of length s such that 
deg+(u)  >~ 2. Let A i = Rs(i_ l}+l(u) for all i >/ 1. Suppose It3}-~Ajl < n 
n i 1 a d ]A i \  U j=oAj ]  = 0. Then ]Am\  U}ZIA j ]  = 0 for all m >~ i, and so 
ILl 7= 0 A j] < n, which implies G is imprimitive, a contradiction. Therefore 
i -1  
Ai \ U Aj  
j=o 
>/ 1 provided Aj 
j=o 
<n.  
Since JAil = deg+(u)  >/2 and u is on the s-cycle C, we have IU i'_-11Ai] = n 
s(n- 2)+ 1 
and u ~ v for all v ~ V(G) .  By Lemma 1, expc(k) ~< expc(1) + k - 
1 ~expc(u)+k-  l~<s(n -2)+k .  • 
REMARK 1. Since s ~< n - 1, we have expc(k) ~< n 2 - 3n + k + 2 for 
all 1 ~< k ~< n, and the bound is attained only when s = n - 1. Moreover, 
W,, is the unique digraph which attains this bound, since if G ~s W,, and 
s = n -  1, then there are two vertices on cycles of length n -  1 with 
outdegree 2, and so it is easy to check that expc(k) = (n - 1)(n - 2) + k - 
1. This remark is also implicit in the work of Brualdi and Liu [1] and is 
equivalent o Theorem 2.1, Lemma 2.4, and Theorem 2.2(1) in j. Shao et al. 
[6]. 
Let r 1 < r 2 < -.- < r t be positive integers such that gcd(r t, r 2 . . . . .  rt) 
= 1. The Frobenius-Schur index ¢b(rl, r 2 . . . . .  r t) is the least integer such 
that the equation x~r 1 + x2r  2 + . . .  -+-x t r  t = n has a solution in nonnegative 
integers x 1, x 2 . . . . .  x t for all n ~> @(r I . . . . .  rt). A well-known result due to 
Schur shows that qb(r 1, r 2 . . . . .  r t) is well defined provided gcd(rl, r 2 . . . . .  rf) 
= 1. For t = 2, it is known [7, p. 79] that ¢b(rl, r 2) = (r  1 -- 1)(r 2 -- 1). 
By [3, Theorem 3.1], it follows that if G is a primitive digraph on n 
vertices and exp(G) >~ [wn/2l  + 2 = [(n 2 - 2n + 2)/2]  + 2, then necessar- 
ily IL(G)I = 2. In order to characterize ES,(1), then, we proceed by first 
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investigating the lower and upper bounds for expc(1) for those digraphs with 
L(G) = { p, q}, where p < q and p + q > n. We observe that god(p, q) = 1, 
since G is primitive. In fact the conditions in Theorem 3 are a little weaker 
than the above ones, since if p + q > n, then every p-cycle intersects eyeD' 
q-cycle. 
TttEOREM 2. Let G be a primitive digraph on n certices. If  L(G) 
{ p, q}, where p < q and p + q > n, then 
expc(1 ) >~ max{(p  - 1)(q - 1), q - 1}. 
Pro@ I fp  = 1, then q =n,L (G)= {1, n}, and it is easy to prove that 
expc(1) = n - 1. Suppose p >~ 2. For u ~ V, let L(u) be the set of lengths 
@(L(u)) I 
of closed walks containing u. Since there is no u --+ u walk, exp(u) >~ 
do(L(u)) >/ do(p, q) for evel T u ~ V. Therefore, expc:(1) >~ dO(p, q) = 
(p  - 1)(q - 1). • 
THEOREM 3. Let G be a primitive digraph on n vertices. Suppose 
L(G) _D {p,q}, where gcd(p ,q )  = 1 and p < q. If  G contains a p-c~jcle 
which intersects a q-cycle, then for all 1 <~ k <~ n, 
expc(k  ) ~<p(q-2)  + n -q  +k .  
Proof. We may assume that no po-cycle intersects a qo-cycle with 
gcd(po, qo)= 1, 1-4<po-4<p, 24qo  ~<q, and either Po <p or % <q.  
For suppose such Po and qo existed. Then Po(qo-2)+n-qo  +k ~< 
p(q-2)+n-q+k.  Also, i fqo <po, then  %(po-2)+n-po  +k  ~< 
p(q - 2) + n - q + k. Consequently, we could argue with { Po, qo} in place 
of { p, q}. 
Let C v and Cq be two intersecting cycles with lengths p and q respec- 
tively. Let G 1 be the subdigraph of G induced by the set of vertices 
V(Cl~) u V(Cq), and let n 1 = IV(Cp) u V(Cq)I. Then G 1 is a primitive 
digraph on n 1 vertices, since gcd(p, q) = 1. Let V(Cp) = {v o, v l . . . . .  vp i} 
and V(Cq) = {u 0, u~ . . . . .  u, t- l}. 
I f  IV(Cp) n V(Cq)l = 1, then p + 1 = n 1 + 1. Let u ~ V(Cp) n V(Cq). 
Since each vertex in G 1 can  be reached from u by a path of length not more 
than q - 1, we have expc(1) ~< expc,(u) ~< q - 1 + do(p, q) = p(q - 2) + 
n l -q+ l. 
Suppose IV(Cp) n V(Cq)l >1 2. Without loss of generality, we suppose 
v o=u o, v~=u t, and V(Cq) n{v i :O<i<r}=Q,  where r#0,  t#0,  
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and r 4= t. Then n 1 = IV (Cp)  U V(Cq) l  >>. IV (Cq) l  + [{vi:0 < i < r}l = q + 
r q - t  
r -  1. I f r -=t (mod p) , then  r<p <tandv  o ~ v r = u t --* u o = v o. Thus  
G contains a q - t + r-cycle intersecting Cp,  where gcd(p,  q - t + r )  = 
gcd(p ,  q)  = 1 and 2 ~< q - t + r < q, which contradicts the choice of q. 
Therefore r ~ t (mod p). Next we prove 
r +p(q-  2) r+p(q-  2) 
u o ~ u i and u 0 --* v~ for all i. 
In the following two cases we repeatedly use the fact that given any vertex 
q-2  v k ~ Cq,  the only vertex of Cq possibly not contained in I . J j=oR jp (V  k) is 
vk+q_  p, where k + q - p is taken modulo q. 
Case  l :  i 4= r + q - p .  Thenr+xp = i + mq for some0~<x-N<q-2  
and some m >1 0. Since 
mq+(q-2 -x )p  i 
U o ~ U o - - '~Ui (V i ) ,  
r+ p(q - 2) 
u 0 ~ ui(v,). 
Case  2: i = r + q - p .  Then r + yp  = i - r + t + kq  for some 0~< 
y ~<q-2andsomek >/0. Since 
t kq+(q-2 -y )p  i - r  
UO ~ 1) r --9 I) r ~ I)i, 
r+ p(q - 2) 
u 0 --* v i .A lso,  zp  = i - t  + lq  for some 0~<z ~<q-2  and 1 />0.  I f  
i <t  then l>/ land  
r q - t  ( l -1 )q+(q-2 -z )p  i r+p(q-2)  
U 0 -'~ 1) r ~ U 0 "~ U 0 "~ U i ;  i . e . ,  u 0 ~ u i .  
I f  i ~> t, then 
r i - - t  lq+(q- -2 -z )p  r+p(q-2)  
u o ~u t ~u i --* u i ;  i.e., u o ~ u i. 
r+p(q- -2 )  
By combining Cases 1 and 2, u 0 ~ v for all v ~ V(G1) .  Therefore 
expcl(1)~<expGl(u 0) <~r+p(q-2)~p(q -2)+n 1-q  + 1. Since for 
any vertex u ~ V(G)  there is a walk of length not more that n - n 1 from 
some vertex v ~ V(G 1) to u, we obtain expG(1) ~< exp~(1) + n - n l 
p(q  - 2) + n - q + 1. F rom this and Lemma 1, Theorem 3 follows. • 
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3. THE FIRST LOCAL EXPONENT SET ES,,(1) 
123 
Our complete description of the first local exponent set ES,(1) depends 
on proving the following three statements, which taken together imply the 
main result, Theorem 9. 
(1) I f  L (G)={p,q} ,  where p <q and p +q > n, then max{(p -  1) 
(q - 1), q - 1} ~< expc(1) ~< p(q  - 2) + n - q + 1. Also, if m 
[max{(p -  1)(q - 1),q - 1},p(q - 2) + n -q  + 1], then expc(1) = m 
for some such G. 
(2) If IL(G)I >/ 3 or if L(G) = {p, q} with p + q ~< n, then expc(1) 
(n "2 - 3n + 4) /2 .  
(3) ESn(1) _ [1, (n 2 - 3n + 4)/2]. 
We have already proved the first part of statement (1) in Theorems 2 and 
3. We prove the second part in the next theorem. 
THEOREM 4. Let positive integers p, q, n, and m be given such that 
p <q ~n,  p +q >n,  gcd(p ,q )= 1, and max{(p-  1 ) (q -  1 ) ,q -  1} 
m <~ p(q  - 2) + n - q + 1. Then there exists a primit ive digraph G on n 
vertices such that L(G) = { p, q} and expc(1) = m. 
Proof. The proof uses exactly the same constructions employed in 
[3, Theorem 4.1]. To make the paper self-contained, we include the 
proof; however, some details are omitted. We denote by Cq the cycle of the 
form (v~, v2 . . . . .  Vq, vl). 
Case l :p  = 1. Then q =n and m =n-  1. Let G consist of C,, anda  
loop (v 1, vl). Thus, expc(1) = exp(v 1) = n - 1 = m. 
Suppose now that p > 1. Let m = (p  - 1)(q - 1) + a, where 0 ~< a ~< 
// - -p .  
Case 2 :p  =2.  Then q is odd. 
Subcase 2.1: q = n. Let G consist of C n and the set of arcs {(vi, v i_ 1) : a + 
2~i  ~<q =n}.Thenexpc(1)=exp(v , )=n-  l+a  =m,  0~a ~<n-  2. 
Subcase 2.2: q = n - 1. Let  V (G)  = {Vl, V 2 . . . . .  Vq, V'l}. For a <n-  2, 
let the subdigraph of G induced by V \ v' 1 be exactly like the digraph in 
Subcase 2.1. Further let v' 1 be a copy of v 1. Then it follows from Subcase 2.1 
that expc(1) = n - 2 + a = m. For a = n - 2, let G consist of C n_~ and 
the arcs (v l, V'l), (v' 1, vl). Then expc(1) = expc(v l) = 2n - 4 = m. 
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Case 3: p >1 3. 
Subcase 3.1: q -p  <~a <~n-p .  Let  G consist of  Cq and the walks 
{(/)q, t?q+ 1 . . . . .  l)a+p_l, V~+p, Vo+I)} U ((Vq, Vj, v2) :a +p + 1 <~j <~n). 
(Note  that va+ 1 belongs to Hq.) In the proo f  of  [3, Theorem 4.1], Lewin and 
Vitek showed that exp(v 1) = p(q - 1) + a. Since exp(v 1) > exp(v 2) > ..- 
> exp(t)q_ 1) > exp(/)q) and exp(/)q+l) > exp(t?q+2) > ... > exp(t)a+p_l) 
> exp(t)a+ p) > exp(v~+ 1), we have expG(1) = exp(vq). Also, since 
R(p-1)(q-1)+a( O q) = R(p_ lXq_ l)+a( Rq_ l( i)l) ) = np(q_ l)+a( l)l) = V( G) 
and 
a(p_ lXq_ l)+a_ l( i)q) = np(q_ l)+a_ l(1)]) 51= V( G), 
exp(vq) = (p  - 1)(q - 1) + a. Thus, expc(1)  = (p  - 1)(q - 1) + a = m. 
Subcase 3.2: 0 <~ a < q - p. Cons ider  Cq with add i t iona l  arcs 
{(Vp+ i, vl+ i) : 0 <<, i <<. q - p - a}. For  vert ices {vj : q < j <-N n}, further  arcs 
(v 1, vj), (vj, v3), and (t)p+ 1, tgj) are added.  In the proo f  of  [3, Theorem 4.1], it 
is shown that exp(Vq_a+ 1) = p(q - 1) + a. Since each vertex in G is at a 
d istance of  q - i or less f rom v q_a+ 1, we have expc(1)  >/exp(Vq p+ 1_) - 
q + 1 = (p  - 1)(q - 1) + a = m. We now show exp(Vq_~) <<,-( 1) 
(q  - 1) + a. For  each i where  p ~< i < q - a - 1, let r~ = 
[(i - p) / (  p - 1)]. It is easy to check that 
Rr,+ 2(1)i) = Rr,+ l(1)i+ l) 1,.) Rri+ l(1)i_(p_ l) ) 
= nr,+l(I)i+l) U {t) i (p_l)_j(p_l)+(ri+l_j) :0 ~<j ~< Fi} 
= nri+l(1)i+l) I.J {I)i+l_j(p_l)+(r,+ 1 j ) :  1 ~j  ~ r i + 1} 
= nri+l(I)i+l). 
Thus, Rt(v i) = Rl_l(Vi+l) for all l >t r i + 2. Let  r = max{r i : p -N< i ~< q - 
a - 1) = [(q - a - p - 1 ) / (  p - 1)]. Then  
aq_a_p+r+l(t)p) = aq_a_p+r(~)p_t_l) = nq_a_p_rr 1(/)p+2) . . . .  
= nr+l(l)q_a). 
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Hence,  
R(p 1Xq 1)+a(Dq a) = Rpq-2p+l(©p) = Rpq-2p+l(Rp+a l(/)q a+l)) 
= Rp(q 1)+a(Vq_a+t) = V(G), 
since (p  - 1)(q - 1) + a > r + 1 and exp(vq_a+ 1) = p(q  - 1) + a. 
Therefore,  expc(1)  ~< exp(vq a) <~ (p  -- 1Xq - 1) + a whence we con- 
e lude expc,(1) = ( p - 1)(q - -1 )  + a = m. • 
We have now proved s tatement  (1) at the beginning of  the section. Before 
proving s tatement  (2), we ment ion  a result on the F roben ius -Schur  index 
which will be used in Theorem 6. 
LEMMA '2 [7, p. 79]. Let  r 1 < r e < "" < r t be posit ive integers such 
that gcd( r  1 . . . . .  r t) = 1. Let  i be the f i rs t  index such that r~ -4= Ar t f l)r all 
integral A. I f  there is an rj ~ tier 1 q- PF i f i ) r  all nonnegative inteRers Ix, u, 
then 
. . . . .  r , )  < [ r , /2 l ( r  , - -2).  
THEOREM 5. Let  G be a pr imit ive digraph with n vertices, and suppose 
L(G) ~ {p, q} with p + q <~ n. Then 
exp .( U 
n 2 - 3n + 4 
Proof. Suppose p <q.  Since p +q ~< n, we get p ~<(n-  1)/2. 
Therefore  expc(1)  ~ p(n  - 2) + 1 ~< (n 2 - 3n + 4) /2  by Theorem 1. • 
THEOREIVl 6. Let  G be a pr imit ive digraph on n vertices', and s'uppose 
IL(G)I > 3. Then 
expG(1)  
n 2 - 3n + 4 
Proof. Suppose L (G)  = {rl,  r 2 . . . . .  rt} , where  r 1 < r 2 < -'- < r,. 
Since G is pr imit ive,  ged( r l ,  r 2 . . . . .  r t) = 1. 
Case 1: r 1 <~(n-  1)/ft .  Then  expc(1)~< r , (n -  2)+ 1 ~(n  2 -  3n 
+ 4) /2  by Theorem 1. 
126 JIAN SHEN AND STEWART NEUFELD 
Case 2: L(G)={n/2 ,  re, n}. Since n/2  <r  e <n,  gcd(n/2,  re )= 
gcd(L(G)) = 1. Also, because n/2  + r e > n, every (n/2) -cyc le intersects 
any re-cycle, and so expc(1)~<(n/2) ( r  e-2)+n- r  e+ l~<(n  e -3n  
+ 4) /2  by Theorem 3. 
Case 3: L (G)={n-2 ,  n -1 ,  n} and n is even. By case 2, we 
can suppose n >~ 6. I f  n = 6, then by checking all possible digraphs, we 
find expc(1) <~ @(n - 2, n -  1, n) + n - 3 = (n e - 2n - 2 ) /2  =(n e -  
3n + 4) /2.  Suppose n >/8. Let G '= (V',  E ' )  be the digraph such that 
2 
V' = V(G)  and (u, v) ~ E' if and only if u --* v in G. Then G' is primitive 
and {(n - 2)/2,  n /2 ,  n - 1} ___ L(G') .  Since any (n - 2)-cycle and n-cycle 
intersect in G, there is an (n - 2)/2-cycle which intersects an n/2-cycle in 
G'. Therefore, by Theorem 3, 
n-2( 
expc(1 ) ~< 2expc,(1 ) ~< 2 -2  +n 2 +1 
n e -4n  + 12 n e -3n  +4 
~< 
2 2 
Case 4: L(G)  satisfies none of  the above three cases. Then n/2  <<, r 1 
n - 3 if n is even, and (n + 1) /2  ~< r t ~< n - 2 if n is odd. Also, since Case 
2 is not satisfied, it is easy to check that L(G)  satisfies the conditions of 
Lemma 2 and thus qb(L(G)) ~ [ r l /2 J ( r  t - 2). We note any ri-cycle inter- 
sects any rj-cycle if i # j .  Let u be a vertex on both an rl-cycle and an 
re-cycle. For any vertex v, let P be a shortest path from u to v, and let 
dL(c)(u, v) be the length of the shortest u ~ v walk which meets at least one 
cycle of each length r i ~ L(G). I f  I P[/> n - r 3 + 1, then P meets all cycles 
with length r i, where 3 ~< i ~< t, and so de(c)(u, v) ~< IPI ~< n - 1. I f  IPI ~< 
n -- r3, then dL{c)(u, v) ~< r 1 + IPI ~< n + r 1 - r 3 ~< n - 1, since any r t- 
cycle meets all ri-cycles. Thus de(c)(u, v) ~< n - 1 for all vertices v. There- 
fore, expc(1) ~< exp(u) ~< @(L(G)) + max v ~ v dL(c)(U, v) <~ [r l /2 J ( r  t -- 2) 
+n- -  1 ~< [(n -- 3) /2] (n  -- 2) + n -- 1 =(n  z -3n  +4) /2 .  • 
LEMMA 3, ESI(1 ) c ESe(1 ) _c ... ___ ESn_ 1(1) c ESn(1 ). 
Proof. The proof is similar to that in [5, Lemma 3.1]. 
THEOREM 7. Let n be odd with n >~ 5 and (n + 1) /2  <~ i <~ n - 2. I f  
G is the digraph with a Hamiltonian cycle (v t, v 2 . . . . .  v , ,v  t) and two 
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additional arcs (Vn, V2) , (Vi, Vi+2) , then 
(n  - 2 ) (n  - 3) 
exp~(1) = 2 + n - i. 
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Proof. It is easy to see that exp(vi+ 1) > exp(vi+ z) > "" > exp(v,_  1) 
> exp(vn) and exp(v 1) > exp(v 2) > ... > exp(vi). So expc(1) = 
min(exp(v n), exp( v i)). Since 
]R(n_2~j+i(vn) ] = min(n ,3  + 2j} and 
I l(V, )l = min{n,2  + 2j}, 
we have exp(v,)  = (n - 2)(n - 3 ) /2  + i. Similarly it can be proved that 
exp(v i )=(n -2) (n -  3) /2  +n- i .  Thus, expc(1) =exp(v  i )=  (n -  2) 
(n -  3 ) /2+n- i .  • 
COROLLARY 1. ES,(1) ___ [(n 2 - 5n + 10)/2, (n 2 - 4n + 5) /2]  i f  n is 
odd and n >I- 5. 
Proof. This is a direct consequence of Theorem 7. 
THEOREM 8. ESn(1) 2 [1,(n 2 - 3n + 4)/2].  
Proof. Clearly, [1,(n e - 3n + 4) /2]  c ESn(1 ) for n = 2, 3. By Lem- 
ma 3, the result will follow by induction once we prove that [{(n - 1) 2 - 
3(n -1 )  + 4} /2  + 1, (n 2 - 3n + 4) /2 ]  = [(n 2 - 5n + 10) /2 ,  
(n 2 - 3n + 4) /2]  c ESn(1) for n /> 4. 
Case 1: n is odd. Let p =(n -1) /2  and q =n.  Then [(n z -4n  
+3) /2 , (n  2 - 3n + 4)/2]  ___ ESn(1) by Theorem 4, and thus [(n 2 - 5n 
+ 10)/2, (n 2 - 3n + 4)//2] c ESn(1) by Corollary 1. 
Case 2: n is even. Let p =n/2  and q =n-1 .  Then [(n 2 -4n  
+4) /2 , (n  2 - 3n + 4) /2]  ___ ES , (1 )by  Theorem 4. 
Case 2.1:n =O(mod4) .  Let p = (n - 2 ) /2  and q =n.  Then[ (n  2 -  
5n +4) /2 , (n  2 -4n  +6) /2 ]  cES , (1 )  by Theorem 4, and thus [(n 2 -  
5n + 4) /2,  (n 2 - 3n + 4)/2]  ___ ES,(1). 
Case 2.2: n =2 (mod 4). I~t  p =n/2  and q =n-  2. Then [(n 2 -  
5n + 6) /2,  (n z - 4n + 6)/2]  c_c_ ES~(1) by Theorem 4, and thus [(n 2 - 5n 
+6) /2 , (n  2 - 3n + 4)//2] ___ ES,(1). • 
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Theorem 8 proves statement (3) at the beginning of the section, and so 
we have now proved all three statements. They imply our main theorem 
below. 
THEOREM 9. 
n 2 - 3n + 4] 
ES,,(a) = 1, 2 
u U [ (p -1 ) (q -1 ) ,p (q -2 )+n-q+l ] ,  
(p, q)~ L(n) 
where L(n) = {(p, q) : 2 ~< p < q ~< n, p + q > n, gcd(p,  q) = 1}. 
The next theorem implies that the first interval in the expression for 
ES~(1) in Theorem 9 can sometimes be increased. 
THEOREM 10. ESn(1) _ [1,(n 2 - n ) /2 ] / fn  -= 1 (mod 4). 
Proof. Let p = (n + 1) /2  and q = n - 1. Then [(n 2 - 3n + 
2) /2 , (n  2 -2n  + 1)/2] ___ ESn(1) by Theorem 4. Let p =(n  + 1)/2 and 
q = n. Then, again by Theorem 4, [(n 2 - 2n + 1)/2, (n 2 - n)/2] co_ ESn(1 ). 
Theorem 10 now follows from Theorem 8. • 
REMARK 2. Sometimes the first interval in the expression for ES~(1) 
cannot be increased. In particular, if n = 10, we claim (n e - 3n + 6) /2  = 
38 ~ ES10(1). To see this, we note that if L(G)  = {p, q} where p and q are 
integers with 2 4 p < q ~< 10, p + q > 10, and gcd(p,  q) = 1, then none of 
the intervals [(p - 1)(q - 1), p(q - 2) + n - q + 1] overlap the interval 
[38, 41]. Finally, if ]L(G)I /> 3 or L(G) = {p, q} and p + q 4 n, then by 
Theorem 5 and Theorem 6, expc(1) ~< (n 2 - 3n + 4) /2  = 37. Thus [38, 41] 
ES10(1) = 0 .  
We end this paper with the following conjecture. 
CONJECTURE 1. Except for minor changes, there are similar formulae for 
the ES,,(i) for all 1 ~< i ~ n. 
We thank Professor D. A. Gregory for many helpful suggestions and 
comments during the preparation of this manuscript. 
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